Type Ia supernovae (SNeIa), used as one of the standard candles in astrophysics, are believed to form when the mass of the white dwarf approaches Chandrasekhar mass limit. However, observations in last few decades detected some peculiar SNeIa, which are predicted to be originating from white dwarfs of mass much less than the Chandrasekhar mass limit or much higher than it. Although the unification of these two sub-classes of SNeIa was attempted earlier by our group, in this work, we, for the first time, explain this phenomenon in terms of just one property of the white dwarf which is its central density. Thereby we do not vary the fundamental parameters of the underlying gravity model in the contrary to the earlier attempt. We effectively consider higher order corrections to the Starobinsky-f (R) gravity model to reveal the unification. We show that the limiting mass of a white dwarf is ∼ 0.5M ⊙ for central density ρ c ∼ 10 7 g/cc, while it is ∼ 2.8M ⊙ for ρ c ∼ 10 11 g/cc under the same model parameters. We further confirm that these models are viable with respect to the solar system test. This perhaps enlightens very strongly the long standing puzzle lying with the predicted variation of progenitor mass in SNeIa. *
INTRODUCTION
Einstein's general theory of relativity is an incredible theory to explain various astrophysical phenomena and early universe cosmology. It provides an immense understanding of the physics of various compact objects, e.g. black holes, neutron stars [1] etc. However some recent observations in cosmology and also compact objects question the complete validity of general theory of relativity in extremely high density regions [2] [3] [4] . Starobinsky first used modified theory of Einstein's gravity to explain some of these problems in cosmology [5] . Eventually many theories and models have been proposed to explain various epochs of the universe [6] [7] [8] and physical properties of various astrophysical objects [9] [10] [11] . One of the theories which is commonly used is the f (R) gravity, first proposed by Buchdahl [12] . Eventually it has been used to study neutron stars [13] [14] [15] [16] [17] [18] [19] [20] and quark stars [21] , by various models of f (R) gravity. In case of white dwarfs, because of the reason that it has a small compactness factor ∼ 10 −4 << 1 [1] , general relativistic treatment is generally not very important as opposed to the case of neutron stars.
If a progenitor star has mass 8M ⊙ , at the end of its lifetime, it becomes a white dwarf. The inward gravitational force of the white dwarf is balanced by the force due to outward electron degeneracy pressure. If a white dwarf has a binary partner, it starts pulling matter out from the partner due to its high gravity resulting in the increase of mass of the white dwarf. When it gains sufficient amount of matter, at a certain mass, known as Chandrasekhar limit [22] (currently accepted value ∼ 1.4M ⊙ for a carbon-oxygen white dwarf), the pressure can no longer balance the inward gravitational pull and it burns out to produce type Ia supernova (SNeIa) with extremely high luminosity. All the SNeIa have similar peak intensity due to their same/similar progenitor mass. Hence they are used as one of the standard candles in astrophysics to measure luminosity distances of various cosmological objects [23, 24] . Nevertheless, recent observations have detected several peculiar over-luminous SNeIa such as SN 2003fg, SN 2006gz, SN 2007if, SN 2009dc [25, 26] . These over-luminous SNeIa are believed to be originating from white dwarfs of mass as high as 2.8M ⊙ [25] . On the other hand, some other type of peculiar SNeIa such as SN 1991bg, SN 1997cn, SN 1998de, SN 1999by, SN 2005bl [27] [28] [29] [30] [31] [32] has been detected with extremely low luminosity which are inferred to have been originating from white dwarfs of mass as low as 0.5M ⊙ . In both the scenaries, Chandrasekhar mass limit is well violated. Das and Mukhopadhyay [33] (hereinafter Paper I), for the first time, argued that this can well be explained by means of a f (R) gravity. Also they were able to link the sub-and super-Chandrasekhar limiting mass white dwarfs and underlying SNeIa by means of the Starobinsky model of f (R) gravity. They used f (R) = R + αR 2 , where R is the Ricci scalar and α is the parameter of the model. They argued that if α > 0, it resulted in sub-Chandrasekhar white dwarfs and while for α < 0, it resulted in super-Chandrasekhar white dwarfs. Later Banerjee et al. [34] put appropriate constraints, in the parameter space restricted by the observations of various models of f (R) gravity. Also Carvalho et al. [10] used f (R, T ) = R + 2λT model to describe similar physics of the white dwarfs.
Based on the above discussion of f (R) gravity, it is well noted that in all the models, parameters are appropriately chosen and varied to describe the physical properties of the white dwarfs. But varying the fundamental parameters of a model is not a good idea in physics in particular to explain the physics/astrophysics of the same system. In this paper, we show, for the first time, that if we fix the values of the parameters appropriately, just by varying some properties of the white dwarf, we can achieve sub-and super-Chandrasekhar limiting mass white dwarfs. In section 2, we introduce the f (R) model based on which we solve the problem. In section 3, we discuss very briefly about the solution procedure. Subsequently in section 4, we discuss our results as well as the validity of the model through solar system tests. Finally we end with conclusions in section 5.
BASIC EQUATIONS IN THE MODIFIED GRAVITY MODEL
Einstein-Hilbert action provides the field equation in general relativity. With the metric signature (-,+,+,+), in 4 dimensions, it is given by [35] 
where c is the speed of light, G the Newton's gravitational constant, L M the Lagrangian of the matter field and g = det(g µν ) is the determinant of the metric g µν . Throughout our discussion, we assume the following definitions. Affine connection Γ α βγ is defined by
where comma (',') denotes the partial derivative and α, β, . . . runs from 0 to 3. Now Riemann tensor R αβγσ , which gives an idea about curvature of the space-time, is given by
Similarly, Ricci tensor and Ricci scalar are defined as follows,
Now varying the Einstein-Hilbert action with respect to the metric tensor and equating it to zero with appropriate boundary conditions, we obtain the Einstein's field equation for general relativity, given by 6) where T µν is the energy-momentum tensor of the matter field. In case of f (R) gravity, only modification we have to make is that Ricci scalar R has to be replaced by f (R) in the Einstein-Hilbert action of equation (2.1) without changing anything in the Lagrangian of the matter field. Therefore the modified Einstein-Hilbert action is given by [36] 
Now if we vary this action with respective to the metric tensor, with appropriate boundary conditions, we have the following modified Einstein equation
where f ′ (R) is derivative of f (R) with respect to R, is the d'Alembertian operator given by = ∇ µ ∇ µ and ∇ µ is the covariant derivative defined as
it is obvious that this will reduce to the Einstein field equation given in equation (2.6).
Starobinsky, in his model, used f (R) = R + αR 2 [37] . But in place of R 2 , we choose h(R), which is some function of R [14] . Therefore, for f (R) = R + αh(R), modified Einstein equation takes the form
where h R (R) is the partial derivative of h(R) with respect to R. It is obvious that if h(R) = R 2 , this will reduce to the Starobinsky model as described in Paper I [33] . Note that R is proportional to the density of the star.
Motivated by the study by Astashenok et al. [14] , we choose higher order corrections in the Starobinsky model. In subsequent sections, we first choose h(R) = R 2 (1 − γR), where γ being parameter of the model, which leads to f (R) = R + αR 2 (1 − γR). Next we consider two more higher orders of γ, which leads to f (R) = R + αR
. The motivation for choosing these forms of f (R) is the following. We have seen in Paper I [33] that for f (R) = R+αR 2 , positive α leads to sub-Chandrasekhar limiting mass white dwarfs. Therefore the above choice ensures the low central density to reveal similar trend. Because due to appropriate α and γ, R 2 term could be dominating over O(R 3 ) and higher order terms. However at high enough central density, super-Chandrasekhar limiting mass white dwarf is revealed when negative terms with O(R 3 ) and higher order terms of the series dominate over the preceding positive terms. This is similar to the choice of negative α in paper I [33] . Finally we choose the infinite series of powers of γ resulting in f (R) = R + αR 2 e −γR . It is obvious that this reduces to the Starobinsky model at small γ. Below we show eventually that if we fix the values of α and γ, white dwarf can easily attain the sub-and superChandrasekhar limiting masses just depending on its central density. This idea was stated earlier without detailed exploration [38] .
SOLUTION PROCEDURE
To have the interior solution of any star, one has to solve the Tolman-OppenheimerVolkoff (TOV) equations with appropriate boundary conditions. Therefore our first aim is to obtain modified TOV equations from the given f (R) model. To start with, we choose a spherically symmetric metric which describes the interior of a non-rotating star. The line element is given by
where φ and λ are the functions of radial co-ordinate r only. We assume perfect, static and non-magnetized fluid for which T µν is given by [14] T µν = diag(e 2φ ρc 2 , e 2λ P, r 2 P, r 2 sin 2 θP ), (3.2) where ρ is the density of the matter and P is the pressure of the fluid. Now substituting all these relations in the modified Einstein equation (2.9), we obtain the following field equations [14] . First equation is obtained while substituting µ = ν = 0 and second equation is obtained by substituting µ = ν = 1 in equation (2.9), given by
where prime (' ′ ') denotes the single partial derivative and double-prime (' ′′ ') denotes the double partial derivative with respect to r.
Assuming the solution in the exterior of a star to be Schwarzschild solution, we have the following relation [39] 
where M(r) is the mass of the star inside the radius r. Moreover to obtain the modified TOV equations, we adopt the first order perturbative approach. In this method, we assume that |αR| << 1, such that second and other higher order terms of α can be neglected. Also in the perturbative approach, all the variables are expanded in terms of α and restricted up to first order only, i.e.
Now from the conservation of energy-momentum tensor, we have
Combining these relations with equation (3.3), we obtain
Similarly combining the perturbed relations with equations (3.7) and (3.4), we obtain
The Ricci scalar appeared in the equation turns out to be only of zeroth order and is given by
Equations (3.8) and (3.9) are the modified TOV equations. If α = 0, they will reduce to the TOV equations in general relativity.
Equation of state and boundary conditions
To solve the TOV equations, we have to supply an equation of state (EoS) which relates pressure and density of the system. Since we are considering white dwarfs which contain degenerate electrons, we use Chandrasekhar EoS given by [40] Now we have to solve equations (3.8), (3.9) and (3.11) simultaneously to obtain the interior solution of the star. We use fourth order adaptive Runge-Kutta method to solve these simultaneous equations. The boundary conditions at the center of the star are M(r = 0) = 0 and ρ(r = 0) = ρ c . On the other hand, at the surface of the star we have ρ(r = R * ) = 0 and M(r = R * ) = M * . We consider the central density ρ c of the white dwarfs up to a maximum value to avoid neutronization. Also we choose the set of values of α and γ in such a way that neither it violates perturbation limit nor it violates any conventional physics, i.e. mass should not be zero or negative and they preserve solar system test.
RESULTS
We consider different models of f (R) based on the higher order corrections of γ. We show how the results to be varying as we consider more correction terms in the model.
As we have discussed in section 2, first order correction to the Starobinsky model can be considered as f (R) = R + αR 2 (1 − γR). The mass-radius relation as well as the variation of the central density with respect to the mass of the white dwarf are shown in figure 2 . Note that the radius and central density are in logarithmic scale. We choose α = 5 × 10 14 cm 2 and γ = 5 × 10 16 cm 2 . At small enough central density, the curve mimics the property of general relativity. Above central density ∼ 1.1 × 10 8 g/cc, the curve turns back due to dominance of the αR 2 term, thereby it mimics the model of Starobinsky gravity as discussed in Paper I [33] . In this way, it reveals the sub-Chandrasekhar limiting mass white dwarfs, because above ∼ 1.1 × 10 8 g/cc, the stars in the curve are unstable and hence the branch is unstable. In this branch, stellar mass decreases with increasing central density. Since unstable branches are nonphysical, the mass corresponding to this peak of the curve is the limiting mass of white dwarfs which turns out to be sub-Chandrasekhar. We obtain the sub-Chandrasekhar mass limit of white dwarf ∼ 0.95M ⊙ . Subsequently at further increase of central density, the curve attains a peak at ∼ 3.9 × 10 9 g/cc, till which it remains to be unstable branch. Beyond this point, with further increase in central density, again the curve reveals the usual properties of the stellar objects, i.e. increasing mass with increasing central density. This branch of the curve is again physical and stable. As we keep increasing the central density further, the curve goes beyond the Chandrasekhar mass limit. In other words, it slowly approaches to the super-Chandrasekhar mass region. At ∼ 1.2 × 10 10 g/cc, we have the mass ∼ 3M ⊙ .
f (R) =
Once we keep considering higher order terms, the results will (slightly) be modified. Here we choose α = 6 × 10 14 cm 2 , γ = 8 × 10 16 cm 2 , and obtain a sub-Chandrasekhar limiting mass white dwarf ∼ 0.92M ⊙ at central density ∼ 8.9 × 10 7 g/cc. Similarly it attains superChandrasekhar mass limit ∼ 3M ⊙ at central density ∼ 1.07 × 10 10 g/cc. The variations of mass with radius and central density for this f (R) model are shown in figure 3. 
As mentioned in the section 2, if we consider all the higher order terms in γ, it will effectively lead to f (R) = R + αR 2 e −γR . This reduces to the Starobinsky model when γ is small, which in turn reduces to Einstein gravity when α is small. The mass-radius relation and the variation of central density with mass of the white dwarf for this f (R) model are shown in figure 4 . We choose α = 3 × 10 15 cm 2 and γ = 1.3 × 10 18 cm 2 . Here we attain a sub-Chandrasekhar limiting mass of white dwarf ∼ 0.5M ⊙ at central density ∼ 1.06 × 10 7 g/cc and super-Chandrasekhar limiting mass of white dwarf ∼ 2.8M ⊙ at central density ρ c ∼ 10 11 g/cc. Very interestingly, in this model, it is evident that the mass saturates to a certain value above a certain value of central density, as exactly seen in Chandrasekhar's original work [40] . All the above results suggest that we obtain the sub-and super-Chandrasekhar limiting mass white dwarfs by just varying the central density of the star rather varying the parameters of the model. In this way, we can verify the predicted values of sub-and superChandrasekhar limiting mass white dwarfs given in various literatures [25] [26] [27] [28] [29] [30] [31] [32] . A combined result illustrating variations of mass with radius and central density of the white dwarfs, for all three models along-with Chandrasekhar's model, is shown in figure 5 . Here we increase the central density of the white dwarf to 10 12 g/cc for the model f (R) = R + αR 2 e −γR , to emphasize the fact that mass saturates to ∼ 2.8M ⊙ at a large enough (even though hypothetical) density, same as Chandrasekhar's original work [40] . 
Solar system test
As discussed by Guo [41] , a model is called viable if it passes through the solar system test. He mentioned certain conditions for a model to pass through the solar system test. According to that, an f (R) model of the form f (R) = R+A(R) passes through solar system, if it obeys the following conditions
where prime (' ′ ') denotes the partial derivative with respect to R. The numerical values of the left hand sides of these relations, for the f (R) models mentioned above, are given in table 1. From these values, it is well noted that they all satisfy the relations given in equation (4.1) and hence these models well pass through the solar system test. Also it is seen that the exponential model is better than the other two models in terms of solar system test.
CONCLUSION
Although the unification of sub-and super-Chandrasekhar limiting mass white dwarfs and under-and over-luminous SNeIa has been done earlier, in this work, we, for the first time, have shown that it can be achieved by just varying a single property of the white dwarf, viz. central density, rather than varying the parameters of the model which appears to be ad-hoc. We have chosen three simple higher order corrections to the Starobinsky-f (R) gravity model, which are f (R) = R+αR
Based on these models, by fixing the respective set of values of α and γ appropriately, we have shown that at low central density ρ c ∼ 10 7 g/cc, the white dwarf has limiting mass well below Chandrasekhar mass limit, producing sub-Chandrasekhar limiting mass white dwarf, while at a higher central density ρ c ∼ 10 11 g/cc, the mass of the white dwarf is well above the Chandrasekhar mass limit, revealing super-Chandrasekhar limiting mass white dwarf.
In this work, we have used perturbative method to obtain the modified TOV equations. This implies that the value of α should be chosen in such a way that it does not violate the perturbative approximation. The value of α is so chosen that it does not violate the astrophysical constraint given by Gravity Probe B experiment [42] according to which α 5 × 10 15 cm 2 . However, the value of γ is chosen in such a way that neither the mass of the white dwarf becomes zero or negative nor it violates the solar system test.
SNeIa are used as one of the standard candles to measure distances in astrophysics and cosmology. The discovery of the peculiar SNeIa prompts us possible modification of the definition of standard candle. At first, people tried to explain over-luminous SNeIa considering a rotating white dwarf. However rotation alone can explain the mass up to ∼ 1.8M ⊙ , whereas combining rotation with the magnetic field can explain much more massive white dwarfs. Still none of these effects can explain sub-Chandrasekhar limiting mass white dwarfs and hence the under-luminous SNeIa. Hence some models were proposed to explain these class of white dwarfs e.g. merger of two sub-Chandrasekhar white dwarfs, reproducing the low power of under-luminous SNeIa. Even though these models were suggested, the major concern still remains in the fact that the need of plenty of different models to explain same physical phenomena. Modification of Einstein's gravity via f (R) gravity using the Starobinsky model, first seems to solve this long-standing problem to a great extent, although a problem remains that the variations of parameters of the underlying gravity model govern the physics of the system [33] . To overcome this problem, we, in this work, have suggested higher order corrections to the Starobinsky-model. In these various f (R) models, if we fix their respective parameters appropriately, just depending on the central density of the white dwarf, we have achieved sub-Chandrasekhar limiting mass white dwarf at low central density and super-Chandrasekhar limiting mass white dwarf at high central density. Thus we unify the sub-and super-Chandrasekhar limiting mass white dwarfs and thereby probe the
